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A random geometric graph G, is constructed by taking vertices X1,..., X, € R? at random
(i.i.d. according to some probability distribution v with a bounded density function) and
including an edge between X; and Xj if || X; — Xj|| < r where r =r(n) > 0. We prove a
conjecture of Penrose ([14]) stating that when » =r(n) is chosen such that nr? = o(Inn)
then the probability distribution of the clique number w(G,) becomes concentrated on
two consecutive integers and we show that the same holds for a number of other graph
parameters including the chromatic number x(Gy).

1. Introduction

In the G(n,p) or Erdés—Rényi model of random graphs, it has been known
since at least the seventies that the probability distribution of a number of
graph parameters becomes concentrated on two consecutive integers as n
tends to co. To our knowledge the first such result was by Matula ([10]) who
noticed that for fixed p, the clique number w(G(n,p)) satisfies

P(w(G(n,p)) € {k(n),k(n) + 1}) —1,

as n— oo for a sequence k(n), which is given explicitly in the theorem. Two
decades later, Luczak ([7]) showed that the chromatic number of G(n,p)
exhibits similar behaviour as long as p=p(n) is chosen in such a way that
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p(n) <n~ 6~ for some ¢ > 0. This result was subsequently extended by Alon

€

and Krivelevich ([2]) to include any choice of p(n) that satisfies p(n) < n"2e
For other choices of p(n), including fixed p, the problem of determining the
(asymptotic) range of the distribution of x(G(n,p)) remains open.

In this paper we establish results analogous to the ones mentioned above
for random geometric graphs. Given random points X, Xs,... € R%, gen-
erated i.i.d. according to some probability distribution v on R?, and a se-
quence r(n) of positive numbers, a sequence of random geometric graphs
(Gp)n can be obtained, where G, has vertex set {X7,...,X,} and an edge
X;X;€ E(Gy) if || X; — X[ <r(n). Here ||.|| may be an arbitrary norm and
the only restriction we will be putting on v in this paper is that it has a
bounded density function. In [14], Penrose showed that if v is uniform on
[0,1]? and 7(n) is chosen in such a way that nr?=o(Inn), then the maximum
degree A(G,,) of the random geometric graph is two-point concentrated, ie.,

P(A(Gy) € {l(n),l(n) +1}) — 1,

for some sequence [(n). He also conjectured that the same holds for the
clique number w(G,,). In the paper [13] he had already shown this to be
true under the stronger assumption that nr? is bounded. We remark here
that it is natural to state our results in terms of the quantity nr?, because
this is a good measure of the average degree of G, (see appendix A for a
precise result).

A random variable that is closely related to some of these graph param-
eters is the (continuous) scan statistic. If W CRY then we will denote

My = mag‘{Xl, o XptN (x4 )
zeR

Y

ie., Myy is the largest number of points in any translate of W . The random
variable Myy is the scan statistic associated with W (and n, r). It can be used
to devise hypothesis tests for spatial dependence in point patterns, and has
been studied in connection with applications such as the spread of epidemics.
See [5,6] for an overview of results and applications of the scan statistic. We
remark that often a sequence of (shrinking) sets (W,,), is considered, but
we have chosen to formulate things in terms of a sequence r(n) and a fixed
set W because this fits better with the presentation. Mansson ([9]) noticed
that the scan statistic becomes two-point concentrated when (translated
into our r(n), fixed W setting) nr? is bounded by n~¢ for some ¢ >0, and
this result was later extended by Penrose whose results in [13] show that
two-point concentration also holds under the weaker condition that nr? is
bounded (he also imposes some regularity conditions on the probability den-
sity function of v). In this paper we will prove that two-point concentration
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occurs when nr?=o(Inn) for a range of random variables including the scan

statistic and the clique number w(G,,) and chromatic number x(G,,) of the
random geometric graph. For a brief discussion of the behaviour of some of
these random variables when r is larger, see section 5.

2. Statement of results

In order to prove a two-point concentration result for a number of different
graph parameters and related random variables in one go, we will use the
following set-up. We assume we are given a clustering rule, consisting of a
sequence of maps (hy, ), that assign non-negative integers to finite subsets of
R? in such a way that there exist Ro > Ry >0 such that the following hold
for all n and any finite set of points A CR%:

(C1) hn(A)<|AJ;

(C2) If AC B(x;Ryr(n)) for some x€R? then h,(A)=|Al;

(C3) If hy(A)>0 then |ja—b|| < Rar(n) for all a,be A;

(C4) If hy,(A)=I then hy,(A\{a})>1—1 for all but at most one a € A.

We will be interested in the maximum M =M (n) of h,(A) over all subsets
AC{Xy,...., X} If hy(A)=1 then we will say that A is an [-cluster and we
will say that A is a (>1)-cluster if h,(A)>1.

We remark that our notion of a clustering rule differs from the notion used
in [13], so that we can accommodate a wider variety of random variables.

Example 2.1. We get M (n)=w(Gy,) if we set h, (A)=|A| if diam(A) <r(n)
and hy,(A)=0 otherwise. We may take Ry = %,RQZ 1.

Example 2.2. If W is a bounded set with non-empty interior, then we can
get M(n)= My by setting h,,(A)=|A| if ACz+r(n)W for some € R? and
hn(A)=0 otherwise. We may for instance put Ry =diam(W) and R;=p for
any p>0 such that there exists a ball B(x;p) CW. Observe that we can also
consider a sequence (W,,), of scanning sets, as long as there is a universal
upper bound on the diameter and a universal lower bound on the inradius

of W,.

Example 2.3. Set h,(A)=0 if A is not contained in some ball B(x;r) and
otherwise let h,(A) be equal to the maximum degree + 1 of the subgraph
of G,, induced by A. Then M(n)=A(G,)+1 and we can put Ry =} and
Ry=2.

In this paper we will show that whenever the sequence of maps (hy,),
satisfies properties (C1)—(C4) above then the following theorem holds:
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Theorem 1. Ifr(n) satisfies nr?

such that

=o(Inn) then there exists a sequence k(n)

P(M(n) € {k(n),k(n) +1}) — 1.

Although the chromatic number x(G,,) does not directly correspond to
a clustering rule, theorem 1 does allow us to deduce the following result:

Corollary 2. Ifr(n) satisfies nr¢

such that

=o(Inn) then there exists a sequence l(n)

P(x(Gy) € {l(n),l(n) +1}) — 1.

The same remarks apply to the degeneracy ¢*(G),) (recall that the de-
generacy is the maximum over all subgraphs of the minimum degree):

Corollary 3. If r(n) satisfies nr?

m(n) such that

= o(lnn) then there exists a sequence
P(0*(Gy) € {m(n),m(n) + 1}) — 1.

3. Notation and preliminaries

In this paper we often suppress the subscript or argument n for the sake
of readability when no confusion can arise. We will say that a sequence of
events (A,), holds whp. (with high probability) if P(A,,)—1. All use of
the notation B(z;p) is wrt. the (arbitrary) norm ||.|| that we have equipped
R? with (ie., B(z;p) :={y € R?: ||z —y|| < p}). The d-dimensional volume
(Lebesgue-measure) of a (measurable) set A CR? will be denoted by vol(A).
The volume of the unit ball wrt. ||.|| will be denoted by 6 :=vol(B(0;1)). For
ACR? we will denote N(A):=|AN{X1,..., X, }|.

Recall that the only restriction we are putting on the probability distri-
bution v that generates the points X1, Xs,... is that the density f of v is
bounded. In the rest of this paper vy. will denote the essential supremum
of f,ie.,

Vmax = sup{t : vol({f > t}) > 0}.

Thus we have v(A) < vpay vol(A) for any (measurable) A C R?. The only
other fact about v that the proofs in the next section rely on is given by the
following lemma:

Lemma 3.1. There exists a constant >0, dependent only on v, such that
the following holds. For any bounded set W C R? with vol(W) >0 and any
r >0 there exist £2(r~%)-many disjoint translates Wi,...,Wx of rW with
v(W;)/vol(W;) >n for all i.
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The proof can be found in appendix B.
The proofs in the next section will rely on the following standard ele-
mentary result (see for instance [11]).

Lemma 3.2. Let Z be a binomial random variable and k> u:=EZ. Then

(4) =m@=n<(])"

Now and then Bi(n,p) will denote a binomial random variable with pa-
rameters n and p. We will also need the following result, which is due to [8]:

Lemma 3.3. Let (Zy,...,Z,,) have a (joint) multinomial distribution. Then
P(Zy <kiyeooyZm < k) < I P(Z; < k).

4. Proofs

Throughout this paper we let j=j(n) denote Inn/ ln(h’") We shall assume
throughout that Inn/nré¢ — co. Thus j/nr? — oo and in particular j >0 for
large n.

Lemma 4.1. For any €>0 it holds that (1—e)j <M <(1+¢€)j+1 whp.

Proof. For the lower bound we observe that if M < (1—e¢)j then every ball of
radius R;r contains less than (1—e¢)j points. Let >0 be the constant from
lemma 3.1. There are 2(r~¢) disjoint translates Wiy,...,Wg of B(0;Ry7)
with v(W;) > nfR¢r?. The joint distribution of N(W1),..., N(Wx),N(R%\
(U; W) is multinomial and so we can write
P(M < (1—¢€)j) <P(NW1) <(1—¢€)j....,N(Wg) < (1—e)j)
< IIEP(N(W;) < (1—€)f).
By lemma 3.2 we have
PON(Wi) > (1 — €)j) = P(Bi(n, v(W3)) > (1 — €)5)
dppd\ (1=€)J
o [ noRinr — o~ (1=9i(n(G/nr!)+C)
e(l—¢€)j ’

oR] )) Notice that

(1-

() )= iy (o) () )
-t 1)) ) )

=1Inn(l+0(1)),

where C'=— ln(
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where we've used that Inn/nr?— oco. Hence
(1) IP(N(WZ) > (1 - 6)]) > ef(lfe)j(ln(j/nrd)%»c’) _ n*1+6+0(1).

As nr?=o(Inn) and K = 2(r~?%) we have that K >n/Inn=n'"W if n is
sufficiently large. We find that

plto(1) _peto(l)

P(M<(1-¢j) <(1- n71+€+0(1)) <e =o(1),

where we’ve used the fact that 1 —x < e™*. This takes care of the lower
bound.

For the upper bound, we remark that if X; is in an [-cluster of for some
[>(14¢€)j+1 then B(X;;Ror) must contain (1+¢€)j points other than X;
by (C1) and (C3). Hence

P(M > (1+4¢€)j+1) < nP(Bi(n, VmaxORIr?) > (1 + €)j)
eVmaxORInrdy (1+€)j
= ( (I1+e)j )
_ e (146 (n(,7,)+D) _ ne—(teto(1) Inn

=p-ctol) = o(1),

ORY .
where D := —ln(eymfiE 2) and we’ve used lemma 3.2 and previous compu-
tations.

We remark that when nr? <n=¢ for some ¢>0 then j remains bounded
(<c 1in fact). As aresult the two point concentration result directly follows
from lemma 4.1 in this case with k(n)= |j(n)+3|. What is more, when ¢> 1
then lemma 4.1 (together with (C2)) even gives M =1 whp.

3
From now on we will therefore assume that nr¢ >n"2. We may assume
this without loss of generality, because if we can prove the result for choices

of r(n) with ns <nr?<Inn, then it also follows for any choice of  with
nr? = o(lnn), by “splitting into two subsequences”. By this we mean the

following. Let us set:

ro(n) = { r(ﬁn{)) if nrd < nfg, ro(n) = { rgnf)) if nrd 2 nfg,
n~ 24 otherwise. n~ 24 otherwise.
For i =1,2 let M® denote M(n,r;), the maximum of h,(A) over all A C
{Xy,..., X, }if r; is used instead of r. If we can prove two-point concentration
holds for both M) and M®) it must also hold for M (if k"), k) are such
that whp. M® € {k® kO £ 1} then M € {k,k+1} setting k(n) := k(D (n)
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if nrd<n~2 and k(n):=k® (n) otherwise). By the remark above M) =1
whp., so two-point concentration certainly holds for M M) and we simply
need to show that it also holds for M®). Therefore we can indeed restrict
attention to sequences r that satisfy n=> <nr? < Inn in the remainder of
the proofs (for the proofs of corollaries 2 and 3 notice that the previous
applied to example 2.3, ie., the maximum degree plus one, shows that G, is
the empty graph whp. if nr¢ < n=2 ).

For [eN let N; be the number of points in G,, that are in a (>1[)-cluster.
Let us denote p;:=P(X; is in a (>1)-cluster), so that EN;=np;. Notice that
n=N; >Ny >-+>N, >N,y =0. For fixed (but sufficiently large) n
the sequence EN; — l(ni d)zlt is strictly decreasing in [, and it is negative for
I=n+1. Hence there is a unique k=£k(n) such that

. 1 . 1
J \4 J \a
EN —k( ) >0>ENpy, — (k+1 ( ) .
F prd) =07 R (k+1) nrd

The most important step in the proof will be to show that Var(Ny) is not
too large, but first we must show that & is not too small.

Lemma 4.2. k> %j for n sufficiently large.
Proof. Let >0 be the constant from lemma 3.1, and let Wy,..., Wxk be
disjoint translates of B(0;Ryr) with v(W;)/vol(W;) >n and K = 2(r~9).
By (C2) we have
1. . 1.
Nry = |y -[{i 90 = i}

Recall that, as nr?=o(Inn) and K = 2(r~%), we have K >n'*°() By com-
putations in the proof of lemma 4.1 we also have that min;—; g P(N(W;)>
(1—e€)j) > n~t+<tol) for any fixed € > 0 — cf. (1). Taking € = ) we may
conclude that

Ny 2 [y] 1min® (0% 2 33) 2 [alad 0> [L4] ()

where in the last inequality we have used j/nr? < Inn-ns (for n sufficiently
large). We must therefore have k> é j by definition of k.

Lemma 4.3. Var(Ny)=0(kENy).
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Proof. For i=1,...,n let us denote A;:={Xj; is in some (> k)-cluster}. We
have Ny=3>",14, and N2 = Z” 14,14; and the variance becomes

Var(Nj,) = ZElA 1, —ZEIAIEIA —ZPA NA4;) = P(4;)?
ij

= nIP’(Al) + 2(2)P<A1 N Ag) — n2P<A1)2.
Partitioning we get
P(Al N Ag) = P(Al NAsN {HXl — XQH < QRQT})
+ P(Al NAsN {HXI —X2|| > QRQT}).

Let us denote by py; the probability that X lies in a (> k)-cluster whose
nodes are a subset of {X1,...,X;}. Then we have that py; < pg ;41 and
Dk,n=Dpk- Define the events By, By by:
By :={3C C {Xs,..., Xy} such that {X;} UC is a (> k)-cluster,
and || X7 — Xa| < 2Ror},
Bj := {X} is in some (> k)-cluster, and every (> k)-cluster
that contains X also contains Xg}.
We see that
P(Al NAsN {HXl — XQH < QRQT'}) < P(Bl) “FIP(BQ).

Clearly P(B;) < pkjn_lymaXZdQRgrd < pkymaXQdGRgrd. Let E be the event
that B(X7;Ror) contains no more than 3j points of {Xs,...,X,,}. Then

P(B,) < P(By N E) + P(E°).

By lemma 3.2 and computations as in the proof of lemma 4.1:

y
P(E°) < <6Vmax9R2nr ) ’ — o~ Bto(1)Inn _ =3+o(1)
37

Observe that if E holds then by (C1) and (C3) any (> k)-cluster containing
X7 cannot have more than 35 + 1 elements. Given that both A; and F
hold, we can sample a random C € ({X})ﬁf{”}) uniformly from all sets of
cardinality 3j+ 1 that contain a (> k)-cluster that contains X;. If By also
holds then we must always have Xs € C| hence

P(Bg N E) = P(B2|A1 N E)P(Al N E) < ]P)(XQ € C’Al N E)P(Al N E)



TWO-POINT CONCENTRATION IN RANDOM GEOMETRIC GRAPHS 537

By symmetry all sets C' € ({ng-'._;f(n}) that Contain X, are equally likely. This

gives that P(Xo € C|A1NE)= (3’;;__21) / (”?;1) and thus

n— 1’
37

n—1

Now let us consider P(A;NA2N{[| X1 —X2| >2Ror}). For 2 € R let us denote

by A(z) the event that there exists a C C{X3,...,X,,} such that {z}UC is
a (>k)-cluster. So,

P(By N E) < P(X, € C|A; N E)P(A; NE) < p;

P(A1NAN{|| X1—Xs| > 2R,r}) /Rd/Rd\B 215(1;1(36)0A(y))d1/(y)du(x).

Our next target is to prove the (intuitively clear) result that for z,y € R?
with ||z —y||>2Rar we have P(A(x)NA(y)) <P(A(x))P(A(y)). To this end,
let R(z) denote |{X3,..., X, } N B(x; Ryr)|. We first claim that for z,y € R?
with ||z —y|| > 2Ror it holds that P(A(x)NA(y)|R(x) =1i) =P(A(z)|R(z) =
i)P(A(y)|R(z) =i). To see this, fix such z,y and let A(x,7) be the event
that {X3,...,X34,-1 € B(x;Ror), X34i,..., Xy, & B(x; Ror)}. By symmetry
we have:

P(A(2) N A(y)|R(x) =)

IP’(A<x> N A(y)| Az, 1))
= P(A(2)|A(z,i))P(A(y)|A(=, 1))
= P(A(z)|R(z) = i)P(A(y)|R(z) = i),

where in the second equality we have used that given A(z,i) the variables
X3,..., X, are still independent (but not identically distributed anymore
though), that A(x) depends only on the points inside B(z;Ror) and that
A(y) depends only on the points in R?\ B(z; Ror).
We now have
n—2

P(A(z) N A(y)) = ZP(A(J:) NA(y)|R(z) = i)P(R(z) = i)
=0
n—2
= P(AW)|R(z) = i)P(A(z)|R(z) = i)P(R(x) = i).
=0

Define f(i) := P(A(x )]R( ) = 1i),9(i) == P(A(y)|R(z) = i). We remark
that P(A(z) NA(y)) = Ef(R(x))g(R(x)) (by the above computation) and
P(A(z)) = Ef(R(x)),P(A(y)) = Eg(R(z)). Clearly f is increasing in i,
whereas ¢ is decreasing in i. A standard result (see for instance [15]) tells us
that in such a case

Ef(R(x))g(R(z)) < Ef(R(z))Eg(R(z)).
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In other words, we indeed have P(A(x),A(y)) <P(A(z))P(A(y)) whenever
|z —y||>2R2r. We are now in a position to write

P(A1 0 4> 1 {]| X1 — X > 2Ror}) / /R | BAG) 1 A)av()ave)

/Rd/Rd\BCEZRQT )P (A(y))dv(y)dv ()

< [ [ Pa@)PUm)wmie

_ 2 2
= Pkn—1 = Di-
Summarising, we have

P(Al N Ag) < P(Bl) + IP(BQ N E) + IP(EC)
P(Al NAsN {||X1 — XQH > QRQT})
< PplVmax2? 9R27“ + pi ?f 1 + n=3te) —i—p%

J + pk + n—3+0(1),

<4
<dpr "

using that V. 2¢0RIrd < nil for n large enough (recall that nZ'd — 00).

Hence we find that
Var(Ny) = nP(Ap) + 2 (Z) P(A; N Ay) — n?P(A;)?

< npr +n(n—1) (pz +4 j_ (Prt n_3+0(1)> — n’pj,
= npp(1 + 45 — p) +n W = O(KEN,,),

where in the last line we have used that k> [} 4] >1 (so that 14+4j—p; = O(k))
by lemma 4.2 and the fact that kENj, — oo (so that n= (0 =O(KEN})) as

. 1 . 1
ENk>k(,500)* 2 (4) " =00
Proof of Theorem 1. By lemma 4.3 we have

P(M < k) = P(N; = 0) < P(|N — ENi| > ENy)
Var(Ny) Eoy nrd
: (ENk)kZ _O(ENk> _O<< J >

. 1
as ENp>k( 7,)* and ”;d =o(1).
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Now define P, to be the number of pairs {X;, X} that are contained in
some (>1)-cluster. Set
q :=P({X1, Xy} is part of some (> k + 2)-cluster).

Clearly, EP, o= (3)q. If {X1, X5} is in some (>k+2)-cluster, then by (C4)
either X is part of a (> k+ 1)-cluster that misses X5 or X3 is part of a
(> k+1)-cluster that misses X;. Hence

g < 2IP’(X1 is part of a (> k + 1)-cluster in {Xq, X3,...,X,,}
and | X1 — Xo|| < Ror)
< 2pk+1l/max9Rgrd-

Hence, EPy o = (g)q = O(nrYENj,1). Because Py > 0 < Pyio > (k;rz)
(by (C1)) it now follows that

2 k+2)(k+1)
- ]EN/H_lm“d B (nf,d)‘llnrd -
_O<(kz+1)(k+2)>_0< k2 )‘0(1)’
using that ENy 1 < (k+ 1)(nid)}t and nrd(nf;d)}t/(k+2) :O((";d)i) =o0(1)

(as k=12(j) by lemma 4.2).

Proof of Corollary 2. Let us fix € = %, K = 6. Let M denote the
maximum over all z € R? of the chromatic number of the subgraph
Gn[{X1,....,Xn}NB(z;rK)] of G,, induced by the vertices inside B(x;rK).
Then M corresponds to the clustering rule which sets h,,(4)=0 if A is not
contained in some ball B(z;rK) and otherwise h,(A) is equal to the chro-
matic number of the graph H with vertex set A and an edge ab € E(H)
whenever |la—b|| <r. Clearly the clustering rule satisfies (C1)—(C4) taking
Ry = 5,R2 = 2K, so theorem 1 applies. Applying also lemma 4.1 to the
maximum number of points in a translate of B(0; K1), we see that whp. the
following two statements hold:

(i) Me{kk+1};
(i) for every x, B(x;rK) contains at most (1+€)j+1 points,

where k = k(n) is the sequence given by theorem 1 applied to M. Now
consider a realisation X7,...,X,, such that both (i) and (ii) hold and let us
prove that there exists a colouring of G,, with M colours. Let us denote

Vi:={X1,...,X;}. Suppose that the subgraph G,[V;] of G,, induced by V;
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can be M-coloured (this is certainly true when ¢ < M) and consider G,,[V;11].
Let A; denote the annulus {x € R?:tr < ||o—X;|| < (t4+2)7}. As |B(X;41;7K)N
Vit1| <(1+¢€)j+1, by choice of € and K we must have

1
A0 Via| < 55 < k<,

for some 0 <t < K —2 (notice that X;;1 is not in any of the A; and that
Ap, Ay, Ay are disjoint), using also lemma 4.2. By (i) there exists an M-
colouring fy of G, [Viy1NB(Xit1;(t+1)r)] and by the induction hypothesis
there exists an M-colouring fi of Gy [Viy1 \ B(Xit1;(t+1)r)] (note that
this is a subgraph of G,[V;]). The number of colours used by fy on A,
plus the number of colours used by f; on A; is at most M, and hence the
colourings fy, fi can be permuted in such a way that the set of colours
used by fo on A; is disjoint from the set of colours used by fi; on A;. But
now fp and fi fit together to give a proper M-colouring of V;,1, because if
X;€VipiNB(Xiq1;(t+1)r) and Xi, € Vg1 \ B(Xiq1; (t+1)r) are adjacent in
G, then we must have X;, X} € A;.

Proof of Corollary 3. We proceed in a very similar manner to the proof
of corollary 2. This time let us fix € = é,K =9 and let M denote the
maximum over all z € R? of the minimum degree plus 1 of the subgraph
Gn[{X1,....,Xn} N B(x;rK)]. Then M corresponds to the clustering rule
which sets h,,(A)=0 if A is not contained in some ball B(x;rK) and other-
wise hy(A) is equal to the minimum degree +1 of the graph H with vertex
set A and an edge ab€ E(H) whenever ||[a—b||<r. Again the clustering rule
satisfies (C1)~(C4) with Ry =}, Ry =2K. So again conditions (i), (i) from
the proof of corollary 2 hold whp.

Clearly M <46*(G,)+1, so it remains to show that M >§*(G,)+1 whp.
To this end, let us again consider a realisation X7,...,X,, satisfying (i), (ii)
and let V C{Xj,...,X,,} be such that §(G,[V])=6*(G,). Pick X; €V with
minimum degree in G,,[V], and this time let A;:={z € R%:tr < ||z — X;|| <
(t+3)r}. By choice of €, K we have

1
ANV < 2j§M

for some 0 <t <K —3. But then {z € R?: (t4+1)r <|jx—X;|| < (t+2)r} cannot
contain any node of V', for otherwise this node would have degree <M —1<
0*(Gy) in G,[V], contradicting the choice of V. This shows that if H is the
component of G,[V] that contains X; then the vertices of H are contained
in B(X;;(t+1)r) C B(X;;rK). In other words, 6*(Gy) =0(H) <M —1 as
required.
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5. Discussion and further work

We have seen that a range of graph parameters of random geometric graphs,
including the clique number w(G,,), the maximum degree A(G,,), the degen-
eracy 0*(Gy,) and the chromatic number x(G,,), all become concentrated on
two consecutive integers as long as the distance thresholds r(n) are chosen to
satisfy nr?=o(Inn). This proves and extends a conjecture of Penrose ([14]).
A very natural question would be to ask what happens for other choices
of r(n). The author was recently able to adapt an argument of Penrose ([14])
to show that when nr¢=0(Inn) and v is the uniform distribution on [0,1]%,
the maximum degree is not concentrated on a finite range, and that if Inn <
nré < In?n then there exist sequences a(n),b(n) such that for all z:

2) P (A(G’Z)(n_) aln) x) e

In the G(n,p)-model a similar result to (2) holds as well (see [4]), and the
results on the clique number and chromatic number in this paper are also
similar to results on G(n,p). There is reason to believe that the clique num-
ber w(G,,) will display behaviour similar to (2) when nr?>>Inn (unlike the
clique number in G(n,p)), but unfortunately the proof appears to be more
involved than the proof for the maximum degree. Here our intuition stems
from the idea that if we dissect [0,1]? into smaller hypercubes of side length
Kr with K growing arbitrarily slowly and consider the maximum over all
of these smaller cubes of the clique number of the subgraph induced by the
points in the cube, then whp. this quantity coincides with w(G,). What
is more, if instead of n we drop N(n) points onto the unit square when
constructing Gy, where N(n) is a Poisson distributed random variable in-
dependent of the X; with mean n, then the clique numbers of these induced
subgraphs are independent. Thus the clique number can be approximated by
the maximum of a growing number of i.i.d. discrete random variables (whose
distribution changes with n). Results from extreme value theory, such as the
ones in [3], suggest that something like (2) might be the case.

Except for the case when nr? <n~¢ for some e >0, our proof does not tell
us which are the exact values of the sequence k(n). It would of course be of
interest to see how much more can be said about values of k(n) for the various
random variables considered here. In the G(n,p(n))-model the precise value
of the two consecutive integers that the chromatic number x(G(n,p(n))) is
concentrated on is still shrouded in mystery, but recently Achloptias and
Naor ([1]) were able to pinpoint precisely which two consecutive integers
the chromatic number will be concentrated on if p(n) is chosen as p(n)=
for some 0 < c< 0.
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In the case when nr?¢ <n~=¢ for some € >0, the sequence k(n) is the same
regardless of which exact clustering rule was chosen. A little extra effort will
show that in this case it even holds that x(G,) = w(G,) whp. (see [12]).
In contrast there are sequences r(n) satisfying nr? <n~¢ for which A(G,)=
w(Gy) with probabily tending to a constant € (0,1). Another natural line of
investigation is therefore to ask what can be said about the interrelationship
between the various random variables considered here. If nr? = o(Inn) and
nr?>>n~¢ for all € >0 then we know they’re all asymptotically equivalent
to j(n) = Inn/In(!2"), but do the differences x(G,) — w(G,) etc. remain

nrd

bounded or tend to infinity?

6. Acknowledgments

The author would like to thank both the anonymous referee and Colin
McDiarmid for careful proofreading and many helpful suggestions which
have greatly improved this paper.

References

[1] D. AcuriopTas and A. NAOR: The two possible values of the chromatic number of
a random graph, Ann. of Math. (2) 162(3) (2005), 1335-1351.
[2] N. AroN and M. KRIVELEVICH: The concentration of the chromatic number of
random graphs, Combinatorica 17(3) (1997), 303-313.
[3] C. W. ANDERSON, S. G. CoLES and J. HUSLER: Maxima of Poisson-like variables
and related triangular arrays, Ann. Appl. Probab. 7(4) (1997), 953-971.
[4] B. BoLLoBAS: The distribution of the maximum degree of a random graph, Discrete
Math. 32(2) (1980), 201-203.
[5] J. GLAZ and N. BALAKRISHAN: Scan Statistics and Applications, Birkhauser, Boston,
1999.
[6] J. GLAZ, J. NAUs and S. WALLENSTEIN: Scan statistics, Springer, New York, 2001.
[7] T. LuczAk: A note on the sharp concentration of the chromatic number of random
graphs, Combinatorica 11(3) (1991), 295-297.
[8] C. L. MALLOWS: An inequality involving multinomial probabilities, Biometrika
55(2) (1968), 422-424.
[9] M. MANSSON: Poisson approximation in connection with clustering of random points,
Ann. Appl. Probab. 9(2) (1999), 465-492.
[10] D. W. MATULA: The employee party problem, Not. A. M. S. 19 (1972), A-382.
[11] C. J. H. McD1ARMID: Random channel assignment in the plane, Random Structures
Algorithms 22(2) (2003), 187-212.
[12] C. J. H. McDI1ARMID AND T. MULLER: On the chromatic number of random geo-
metric graphs, submitted.
[13] M. D. PENROSE: Focusing of the scan statistic and geometric clique number, Adv.
in Appl. Probab. 34(4) (2002), 739-753.



TWO-POINT CONCENTRATION IN RANDOM GEOMETRIC GRAPHS 543

[14] M. D. PENROSE: Random Geometric Graphs, Oxford University Press, Oxford, 2003.
[15] S. M. Ross: Probability models in computer science, Harcourt/Academic Press, 2002.
[16] W. RUDIN: Real and Complex Analysis, McGraw-Hill, New York, 1987.

A. The average degree and nr?

In this section we will prove the following proposition in order to substantiate
the claim that nr¢ is a good measure of the average degree of G,,. Recall that
6 denotes the d-dimensional volume of the unit ball {x:||z| <1} wrt. the
(arbitrary) norm that we have furnished R? with.

Proposition A.1. The average degree D of G,, satisfies:
(i) If n?>r?— oo then nlgd —0 [a f*(x)dx in probability;
(i) If n?>r?=0(1) then liminf, ., P(D=0)>0.

Proof of (i). We remark that D =2|E(G,)|/n (where E(G) denotes the
edge set of (7). Consequently

ED = z <Z>IP(X2 € B(X1;7)) = (n— DEv(B(Xy;7)).

For any fixed € R? the sets B(z;r(n)),n € N satisfy the conditions

of theorem 7.10 in [16], giving V(Be(ﬁr)) — f(z) almost everywhere. As
(n=1)v(B(z;r))
d

Onr

deduce that

n— 1v(B(z;r
elil:d = | (x)( )Gn(rd( ))dx =, f*(z)da.

< Vmax We can apply the dominated convergence theorem to

To complete the proof it now suffices to show that Var(ned) — 0. Let I be
the set of all possible candidate edges X;X;,1<i<j<n. We have that
D

v
ar TLT‘d

) = n:?l“?d Z Ple € Gn, f € Gp) —P(e € Go)P(f € Gy).
e, fel

If lenf|=0 then P(e€ Gy, f € Gp) =Plec G,)P(f €Gy,). If len f|=1 then
Pe € Gy, f € Gp) < (Ovmaxr®)?, and if |eN f| =2 then Ple € G, f € Gp) =
PleeGy) < Orpaxr®. We see that

D 4 n d n\p2 2 24
< —
Var(nrd) S (<2>0umaxr +2(n 2)(2>0 e
=0(n?r ?+n"t) =0(1),

as required.



544 TOBIAS MULLER

Proof of (ii). Let A< oc be such that n?r? <\ (Vn) and set ’ = \in " a (so
that r <r’). If G/, is the graph we get by taking X; X, € E(G),) if || X;—X,| <
r’, then G,, is a subgraph of G/,. By theorem 6.3 in [14] we have:

P(D =0) =P(A(G,) =0) > P(A(G;,) =0) = (1 4+ 0o(1))e”,

for some constant c=c(\).

B. Proof of lemma 3.1

Lemma 3.1 is a direct consequence of part (ii) of the following proposi-
tion, which we will now proceed to prove. A similar result already appeared
n [11], but the result and proof given there were formulated in terms of the
(Euclidean) unit disk in two dimensions.

Proposition B.1. The maximum density vmax satisfies the following:

(1) Vmax =Supc VZ;E%) where the supremum is over all cubes C CRY;

(ii) Fix ¢ > 0 and let W C R? be bounded with vol(W) > 0. Then
there exist (2(r~%)-many disjoint translates Wi,...,Wx of rW such
v(W;)/vol(W;) > (1 — €)Vmax for all i.

Proof of (i). Let m be the supremum over all cubes C' of vﬁ%)' By defini-

tion of Vyax we have v(C) = fc f <Vmax vol(C) giving m < vpax, So it remains
to show m > vpax. To this end, let A CR? satisfy v(A) > (1 — €)vmax vOl(A).
Let B be the collection of all “boxes” Hld:l(ai,bi] with a1 <b; €Q,i1=1,...,d.
Then B generates the Lebesgue sigma field, and by the outer-measure con-
struction (see for instance [16]):

(o) o0
vol(A) = inf{Zvol(Bi) :By,By,... € BU{B}, AC | BZ}.

i=1 =1
Thus we can find a countable By, Bs,... € B with A C |J;2, B; such that
Y2 vol(B;) < (1+ +/e)vol(A). Note that we may assume that the B; are
cubes (to see this note that IT{¢ (a;,b;] can be dissected into finitely many
cubes if a;,b; €Q for i=1,...,d). We now claim that at least one B; must
satisfy vﬁféf) > (1—+/€)Vmax- To see this suppose that Vﬁ%z) <(1—+/€)Vmax
for all ¢. Then we would have

Z v(B;) = Z VZi(Béz) vol(B;) < (1 = v/€)Vmax ZVOI(Bi)

i

< (1 — €)vmax vol(A) < v(A),
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a contradiction. Hence for some i we have (1—+/€)vmax < 55'3)) <m, where
the last inequality follows by definition of m and by the fact that as B; is a

cube. Taking e —0 we find that m > vyax as required.

Proof of (ii). We first consider the special case when W is a cube. By (i)
there exists a cube C with v(C) > (1—§)vmax vol(C). Let s be the side of W
and ¢ be the side of C. Note that C' can be covered by N =([ ' 1)? disjoint
translates of rW, let’s call them W7,...,Wy. Now suppose that a proportion
> 4 3 of the translates W; satisfies V(W) < (1= €)Vmax vol(W;). Then, setting

=, Wi, and noticing that vol(C") = (1+0(1))vol(C') we see that (for r
small enough):

1
v(C) <v(C) < 2(1 — €)Vmax vol(C”) + o Vmax vol(C")

3¢ €
_ (1 _ _ <
(1 4 ) (1 + o(1)) Vmax vol(C) < (1 2)1/max vol(C) < v(C),
a contradiction. Hence there must be at least } ([ £ ])?=2(r~?) of the W;
that satisfy v(W;) > (1 — €)vmax vol(W;), proving the lemma for the special
case when W is a cube.

Now let W be a general bounded set. Since W is bounded it is contained

in some cube C. Let p= VOI(( )) be the proportion of C covered by W. By

the previous there exist points z1,...,2x with N = 2(r~%) such that the
sets x; +7C are disjoint and satisfy v(x; +7C) > (1 — pe)vmax vol(C)rd. By
construction the sets x; +rW are disjoint and z; +rW C z; + rC. We now
observe that v(x;+rW) must be > (1—€)Vmax VOI(W) 4 because otherwise

v(2i4+7C) < (1—p)Vmax vol(C)r 4 (1—€) maxp vol (C)rd = (1 —PE) Vimax VOl(z;+
rC) <v(z;+rC), a contradiction.
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